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Abstract In the paper we prove that the equational class V(bpBCK) generated by the class
bpBCK of all bounded pseudo-BCK-algebras is generated by its simple members. As a
matter of fact, we prove that simple members of V(bpBCK) just coincide with relative sim-
ple bounded pBCK-algebras. Moreover, as a byproduct we show that every simple bounded
pBCK-algebra can be embedded into a simple integral residuated lattice.
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1 Introduction

Pseudo-BCK-algebras were introduced by G. Georgescu and A. lorgulescu as a non-
commutative generalization of BCK-algebras [6]. Recall that BCK-algebras were introduced
by K. Iséki [8] as an algebraic semantics of Meredith’s implicational calculus, see also [10].
Bounded BCK-algebras were also treated by Iséki [9] as BCK-algebras with an additional
constant | interpreted as the lower bound. In fact they are the algebraic counterpart of BCK-
calculus plus a negation satisfying Duns Scoto law. For more details we also refer the reader
to the comprehensive monograph [12] or the papers [1, 2] and [19].

Pseudo-BCK-algebras are known to be one of the key structures with respect to many-
valued reasoning. Among others, this class contains the implication reduct of MV-algebras,
being equivalent algebraic semantics of many-valued Lukasiewicz logic. As shown by
Z. Riecanova [16], lattice effect algebras are pastings of M V-effect algebras.

Analogously, pseudo-MV-algebras, a non-commutative version of MV-algebras, intro-
duced by G. Georgescu and A. Iorgulescu [5] and independently (under the name GMV-
algebras) by J. Rachtinek [15], play an important role in studying structure of pseudo-effect
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algebras. These were introduced by A. Dvurecenskij and T. Vetterlein [3, 4] as a basic struc-
ture for mathematical foundations of quantum mechanics.

In the same way, pseudo-BCK-algebras can be considered as an algebraic semantics of
so-called pseudo-BCK-logic, introduced and studied by J. Kiihr. Bounded pseudo-BCK-
algebras form a quasivariety, which is not a variety, and hence are not definable by means
of equations. Thus bounded pseudo-BCK-logic is algebraizable (in the sense of Block and
Pigozzi) having the quasivariety of bounded pseudo-BCK-algebras as its algebraic seman-
tics.

Based on the results of H. Ono and T. Kowalski [11], Gispert and Torrens proved that the
variety V(bBCK) generated by the class bBCK of bounded BCK-algebras is generated by
its finite simple members. The aim of this paper is to prove a similar statement for the class of
bounded pseudo-BCK-algebras. Although the argumentation is in both cases very similar,
one has to stress that the description of relative congruences is in the non-commutative
case much more complicated. Moreover, as shown below, the class of bounded pseudo-
BCK-algebras is not hereditary simple. The paper uses the fact that bounded pseudo-BCK-
algebras are the {—, ~», L, T}-subreducts of bounded integral residuated lattices.

In what follows we donote by pBCK the class of pseudo-BCK-algebras, and by bpBCK
the class of all bounded pseudo-BCK-algebras. After repeating some well-known facts on
pseudo-BCK-algebras, we show that simple algebras in V(bpBCK) are just relative simple
bpBCK-algebras (see the definition below). Using the relationship between pseudo-BCK-
algebras and bounded residuated lattices and the result of Takamura [17] on free bounded
integral residuated lattices we show that the free members of V(bpBCK) are generated by
its simple algebras. On the other hand, we present a quasi-identity which is valid for all
simple bpBCK-algebras but which is not valid in b)pBCK. In other words, bpBCK is not as
a quasivariety generated by its simple members.

For basic properties of pBCK-algebras we refer to [6]. Recall that a quasivariety (variety)
is a class of algebras of the same type (or language), axiomatized by a set of quasi-identities
(identities). A subquasivariety R of a quasivariety Q is a relative subquasivariety of Q if it
can be defined by adding identities to an axiomatization of Q. As usual, by I, S, P, Py, we
denote the operators of taking isomorphic images, subalgebras, direct products and ultra-
products, respectively. As it is well known ISPPy, (K) (HSP(K)) is the smallest quasivariety
(variety) containing the class K.

Let KC be a class of algebras and A an algebra, all of the same type. A congruence ® on
A is said to be a congruence relative to K (or a IC-congruence) if the quotient A/® € K. It
is well known that if a class /C is a quasivariety, then the set ConxA of all K-congruences
on A forms an algebraic lattice with respect to set inclusion. In this case we always have the
identity A, and V, = A? in ConxA. We say that A is K-simple (or, equivalently, relative
simple with respect to K) provided ConxA = {A4, Va}. Clearly, for a non-trivial algebra A
and ® € ConiA, A/® is K-simple if and only if ® is K-maximal, i.e. maximal in (Coni A\
{Va}, 9.

As usual by ®(a,b) we denote the least congruence relation containg the pair
(a,b) € A2,

2 Bounded Pseudo-BCK-Algebras
An algebra A = (A, —,~», T) of type (2,2,0) is called a pseudo-BCK-algebra (pBCK-
algebra for short) [13] provided the following identities and quasi-identities are satisfied

in A:
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D x>y~ —=>Dw»x—>2)]=T
2 x=y)=> [~ > x~»)]=T
B)x=T—->x=T~x,x—>T=T
@ x—>y=y—>x=T)=>x=y.

If, moreover, there is L€ A such that A satisfies also
S L>x=T,

then A is called bounded (bpBCK-algebra for short).

The class bpBCK of all bounded pBCK-algebras is considered to be of the type
(2,2,0,0). Clearly, the {—, ~~, T}-reduct of any bpBCK-algebra is a pBCK-algebra. The
following properties are known to hold for pBCK-algebras, see e.g. [6]:

Lemma 1 Every pBCK-algebra A satisfies the following identities:

6 x—>y)—>lz=>x)>Z=>n]=T

7 x~>T=T

@) x—>x=x~»x=T

@D x—>(=>0)=x»Qo>x)=x~Q~w»>x)=T

10) x> (y—=>2)=y—> (x~72)

(ID) x> (x> y)~=y)=x~= (x> y)=»y)=x~(x~y) >y =x—
(x~>y)—=>y)=T

(12) (x> 3) = (@1 = = @ = x) ) = (1= = (=) )] =T,

Moreover, if A is bounded, then

13) L~~x=T.
As a corollary we obtain

Corollary 1 For any A € V(bpBCK) the identities (1)—~(4) and (6)—(13) hold. Additionally,
A satisfies the following quasi-identities:

(14) x> y=Tifx~~>y=T

(15) If x > y=TT then
@ @—=>x)>@—>y=T
b @=x)~z—>y=T
© @wx)—=>(@~»y)=T
@ @wx)»(@z~y)=T
e 2> x—>2=T
O =) Ex—>2=T
@ Y1) —>x~z)=T
h) G~~~ (x~z)=T.

Moreover, (a) < (b), (c) < (d), (e) & (), (g) & (h).

Proof (14) follows from (3) and (11). Further, if x — y = T then according to (3) and (6)
we obtain (z — x) — (z — y) = T. The rest is a direct conclusion of (1)—(3) and (14). O

The relation < defined on a carrier A of a pBCK-algebra A by
x<y iff x—>y=T ((ffx~y=T)
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is a partial order on A, called the natural order of A.

By definition, both classes pBCK and bpBCK are proper quasivarieties, i.e. they are not
varieties. This simply follows by the fact that the class BCK of BCK-algebras can be con-
sidered as a subclass of pBCK. Namely, BCK-algebras are just pPBCK-algebras for which
— and ~» coincide. The fact that BCK is not a variety was proved by Wronski while the
bounded case is shown in [18], where a bounded linearly ordered BCK-algebra having a
homomorphic image that is not a bounded BCK-algebra is presented.

Clearly, for any A € V(bpBCK) we have ConA = Con(A | {—,~», T}). Given A €
V(bpBCK), we start with the description of ConyprcxA. For this, we need the following
concepts:

A subset F C A is called an implication filter (i-filter for short) on A if

i TeF
(i) x,x > ye F=yeF.

A filter F is called compatible whenever

(iii) Vx,yeA: x> yeFiff x~yeF.

Lemma 2 For any A € V(bpBCK) there is a 1-1 correspondence between Conyppcx A and
the set of compatible i-filters of A given by

®O+—T/0,
Fr—0p={(x,y)eA’>:x>yeF&y—xeF}.

Proof Given © € ConyppckA, then T/© is a compatible i-filter of A. Indeed, x,x — y €
T/O® yields (x, T)€e®,(x —> y, T)e®, thus (y, T) = (T — y,x — y) € O. Further, let
x—>yeT/O.Thenby (11)and (15g) x > (x > ¥y) ~>y)=T,(((x > y) ~> y)~»y) —>
(x~y)=T,thusx - y € T/0O gives due to (3) and (8) x ~» y € T/0. Also conversely,
x~yeT/O yields x > y € T/O in a similar way. Altogether, T/® is a compatible
i-filter of A.

Conversely, assume that F' is a compatible i-filter of A. Clearly, O is reflexive in view
of (8) and symmetric by the definition. To prove its transitivity, let (a, b), (b, ¢) € ®f. Then
c—beF,hence (c—>b)—> (b—>a)~ (c—>a))=T € F due to (1) and (14), and
thus (ii) gives (b — a) ~» (c — a) € F. Since F is compatible, we have also (b — a) —
(c = a) € F and applying (ii) once more, we conclude ¢ — a € F. Analogously, a — ¢ €
F, verifying transitivity of ©p.

Let us prove that ®f is compatible with respect to “—”: assume (a, b), (c,d) € Op.
Then T =(c - d) = ((b — ¢) - (b — d)) € F by (6), thus according to (ii) (b — ¢) —
(b — d) € F. Interchanging d and ¢ we obtain (b - d) — (b — ¢) € F, and hence
(b — ¢,b — d) € Op. Further, (1) and (14) give (@ > b) — (b - ¢) ~ (a — ¢)) =
T € F, thus by (ii)) (b — ¢) ~» (@ — c) € F. Again, by using compatibility of F, also
(b—c)—> (a—c)eF.Similarly (@a >c¢) > (b—>c)e F,ie. (a > c,b—c) € Op.
Finally, transitivity of ®, and the above properties ensure the compatibility of ® with
respect to “— . Analogously, ® ¢ is compatible with respect to “~~” and ® r € ConA.

To see that ® € ConyppckA, let

x/Op > y/Op=T/Op=y/0p - x/Op.
Then (x — y, T),(y = x, T) € Op, thus

T>x—=>y)=x—>yeF and T—(y—>x)=y—>x€ekF,
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which gives x/®p = y/Op.

Conversely, if ® € CompprckA, then (x,y) € O/ iff x = y,y > x € T/O iff
x/O@—>y/0=T/0=y/0 — x/0. Since A/® € bpBCK, we deduce x/0 = y/0, i.e.
(x,y) € ©. Hence ©1,9 = ©. Analogously Fg, = F. U

Lemma 3 Let A € V(bpBCK) be a non-trivial algebra (i.e., |A| > 1). Then

(i) {T} is the least compatible i-filter of A,
(ii) A € bpBCK iff ©1) = Ay,
(iii)) O(L, T)=Va.

Proof (i) Clearly, for F={T}wehave T€ Fandx,x > ye Fyield T=x—>y=T —
y =y by (3). That F is compatible is seen from (14).

(ii) Follows directly from the definition of ® .

(iii) Given a € A, then (a, T) = (T - a,L— a) € ©(L, T) by (3) and (5). Hence
O(L, T)=Vj. O

From Lemma 3(iii) it follows that ® (L, T) = V, is a compact element of ConA, thus
any non-trivial algebra A € V(bpBCK) has maximal congruences (i.e., maximal elements
of (ConA \ {V4}, ©)). Evidently, since Vi € Conp,pckA, the same holds for bpBCK-
congruences.

The following crucial lemma shows that in fact both maximal sets coincide:

Lemma 4 Let A € V(bpBCK) be a non-trivial algebra, and let ® € ConA. Then O is
maximal iff it is bpBCK-maximal.

Proof First, A is non-trivial iff ®(1y # V4. Indeed, ® 1) = V, iff (a, T) € O for all
aceAiffa=T - ae{T},ie. iff A={T}.

Let now ® be a maximal congruence on A. Then A/® is simple and non-trivial algebra
in V(bpBCK). Thus Con(A/©) ={Aas0, Vaje}, Asje # Vase. Since A/© is non-trivial,
by the above arguments we conclude ®1,e) # V4,0, hence O(t/0; = Aa 0. But this yields
A/® € bpBCK in view of Lemma 4¢(ii). In other words, ® € Cony,pckA.

Conversely, assume that ® is a maximal bpBCK-congruence of A. Let ¢ € ConA,
® C ¢,0 #¢. If A/¢p is non-trivial, then A/¢p & bpBCK due to the maximality of ©.
Applying Lemma 4(ii) we obtain ®t/4; 7 Aaje. Since {T/¢} is a compatible i-filter of
A/¢, we deduce (A/¢)/O7,4y € bpBCK is a non-trivial algebra. But one can easily see
that (A/@)/©®;7/4) is a homomorphic image of A/® e bpBCK, which contradicts the max-
imality of ®. In conclusion ¢ = A and ® is maximal in ConA. ]

For a class K of algebras of the same type denote by K its simple members and by Kgg
its semisimple members, i.e. subdirect products of members of KCg. As a corollary we obtain

Theorem 1
1) (bpBCK)s = (V(bpBCK))s = {A € V(bpBCK) : A is bpBCK — simple}
(i) (bpBCK)ss = (V(bpBCK))ss € ISP((bpBCK)s).

Remark In contrast to bounded BCK-algebras, pPBCK-algebras are not hereditary simple.
That means, subalgebras of simple pBCK-algebras need not be simple. This can be seen
from the following example which due to C. van Alten:
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Example 1 Consider the five-element residuated lattice (see the definition below) with linear
order 1 > a > b > ¢ > 0 and monoid operation ® with the corresponding residua — and ~-
given by tables

-0 S8 O (e
[=NelNeleNoel el
—_— 0 Qe O |—
>—G®‘QO\L
Q = = = - (Y
S == = (&
O —= = 0
— |
»—‘Q@QOi
Q = = = = (Y
S === (&

1
1
1
1
1
1

=R B B el =
QO =, 0 = |0

[=ROEN e =)

ST oo o ™
a oo 6 O (5

QO 6 Q O (Q

One can easily verify that ({0, a, b, ¢, 1}, —, ~») is a simple bpBCK-algebra having a non-
simple subalgebra {0, a, 1} as {1, a} is its non-trivial compatible i-filter.

The above example also shows that the inclusion in Theorem 1(ii) can not be substituted
by the equality.

3 V(bpBCK) is Generated by Simple bpBCK-Algebras

In the following we prove that the variety V(bpBCK) is generated by simple bpBCK-
algebras. We use the results of J. Kiihr [13, 14] and H. Takamura [17] on free residuated
lattices. First, recall the relationship between these algebras and bpBCK-algebras.

A bounded integral residuated lattice, or bounded residuated lattice for short, is an al-
gebra A = (A, O, —,~, A, V, L, T) of type (2,2,2,2,2,0,0) such that (A,O, T) is a
monoid (not necessarily commutative), (A, A, Vv, L, T) is a bounded lattice, and the follow-
ing residuation conditions hold:

xOy=<z — XxX=<y—>z < y=<xwzg,

where < is the order induced by the lattice structure, called the natural order of A, see [12].
The class of all bounded integral residuated lattices is a variety that we shall denote
by RL. It has been proved by J. Kiihr [13] that bpBCK is just the class of all {—, ~~, 1, T}-
subreducts of RL.
Moreover, for R € RIL we have

ConR = Conyypcx R [ {—, ~, L, T}). (%)

Indeed, if ® € ConR, then trivially ® € Cony,pex (R | {—,~, L, T}).

Conversely, let © € Conyppex (R [ {—, ~+, L, T}). Since R € RL, we have (x © y) —
z=x—> (y—z) forallx,y, z€eR.

Further, R [ {—,~, L, T})/® € bpBCK, hence a/® — b/® =T/0 =b/0 —
a/®=a/®=>b/0O forall a,b € A. In other words,

(@a—->b,T)e® and (b—a,T)e® =— (a,b)e0O. (%)
We prove that ® is compatible with respect to “®”; assume (x,y), (#,v) € ®. Then

xQu) = (Yov)=x—>Uu—>(yov)=ey—>W—=>(yYov)=(rov) > (yov)=T.
Then applying (x) we obtain (x © u, y © v) € O, as desired.
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In the following we investigate the connection between simple residuated lattices and
simple bpBCK-algebras. Let us stress that due to Example 1, subreducts of simple residuated
lattices need not be simple bpBCK-algebras. However, we are able to prove

Theorem 2 The {—,~, L, T}-reducts of simple residuated lattices are simple bpBCK-
algebras. Conversely, every simple ppBCK-algebra is a {—, ~», L, T}-subreduct of a sim-
ple residuated lattice.

Proof If A € RL is simple, then by the correspondence (x), A [ {—, ~, L, T}is a bpBCK-
simple algebra; thus, by Theorem 1, A | {—, ~~», L, T} is simple in bpBCK.

Conversely, let B be a simple algebra in bpBCK and let R be a residuated lattice for
which B is its {—, ~», L, T}-subreduct. Let M be a maximal compatible i-filter in R; note
that congruences of algebras in RL just correspond to their compatible i-filters. Clearly
M N B is a compatible i-filter of B. Since M is proper, L& M. Again, by Theorem 1, B is
bpBCK-simple. But compatible i-filters correspond to bpBCK-congruences, hence due to
1¢& M N B we deduce M N B ={T}. Further, let a,b € B,a# b. Thena — b e B\ {T}
or b — a € B\ {T} (otherwise we would get a = b as B € bpBCK), thus a/®y £ b/ Oy.
Hence the mapping a — a/®,, gives a bounded embedding of B into the {—, ~», L, T}-
subreduct of a simple bounded residuated lattice R/ ® ;. ]

Given a class K of L-algebras and X a set of variables, denote by Fi-(X) the | X|-free
algebra in KC (if it exists). It is well known that if C is a quasivariety, Fx (X) exists for every
X # (. Moreover, Fx(X) = Fyxc)(X).

For two algebraic languages £ and £ where £ 2 L (i.e., £ is an expansion of £) and
for a class K of £'-algebras, denote by S(K [ £) the class of £-subreducts of elements of .
The following holds [7]:

Proposition 1 Let IC has a free algebra Fic(X) over X. Then Fsqcz)(X) exists and it is
the L-subreduct of Fy-(X) generated by X.

As an immediate corollary we obtain

Corollary 2 For any set X, Fpppck (X) = Fyepeck) (X) is the {—, ~», L, T}-subreduct of
FrL(X).

Proof Follows from Proposition 1 and from the fact b)pBCK = S(RL [ {—,~», L, T}). O
H. Takamura [17] has shown that for any set X, Fry, (X) is semisimple. Thus Fgy,(X) can
be embedded into the product of simple residuated lattices {S;; i € I}. According to The-
orem 2, S; [ {—,~, L, T} € (bpBCK);s for every i € I, thus Frp(X) [ {—,~,L, T} €
ISP((bpBCK)s). Applying Corollary 2 we obtain
Fvwppek) (X) € S(FrL(X) [ {—, ~, L, T} CISP((bpBCK)s),
thus we have

Corollary 3 V(bpBCK) = V((bpBCK)s).
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The above corollary states that simple bpBCK-algebras generate the variety generated
by the class bpBCK. However, we can easily show that bpBCK is not as a quasivariety
generated by the class (bpBCK)g. In other words, we present the quasi-identity valid in
(bpBCK)s which is not satisfied in bpBCK. In fact, only a slight modification of a quasi-
identity presented in [7] for the class bBCK is sufficient:

Lemma S The quasi-identity
x> yRx~wyandx > —xxX-x) = —“X—>XXX

holds in (bpBCK)g but it does not hold in bpBCK.

Proof Let A € bpBBCK satisfy the identities x — y ~ x ~» y and x — —x &~ —x. Clearly,
x — y~ x ~»y means that A € bBCK. According to [7], the quasi-identity x — —x =~
—x = —x — x ~ x is valid in (bBCK); but it is not valid in bBCK. O
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